In this paper, we investigate the motion of a classical spinning test particle orbiting around a static spherically symmetric black hole in a novel four-dimensional Einstein-Gauss-Bonnet gravity [D. Glavan and C. Lin, Phys. Rev. Lett. 124, 081301 (2020)]. We find that the effective potential of a spinning test particle in the background of the black hole has two minima when the Gauss-Bonnet coupling parameter α is nearly in a special range −6.1 < α/M 2 < −2 (M is the mass of the black hole), which means such particle can be in two separate orbits with the same spin angular momentum and orbital angular momentum. We also investigate the innermost stable circular orbits of the spinning test particle and find that the effect of the particle spin on the the innermost stable circular is similar to the case of the four-dimensional black hole in general relativity.
I. INTRODUCTION
As the most successful gravitational theory, general relativity (GR) can explain the relation between geometry and matter. One of the most impressive result derived from GR is black hole solutions. As vacuum solutions of strong gravity systems, black holes have lots of interesting characters, for examples, a binary black hole system can produce gravitational waves [1] , and a black hole can act as an accelerator of particles [2, 3] . But we should note that, even GR is so powerful and can be used to explain much phenomena, there are still some problems that can not be interpreted by GR. Therefore, it is believed that there should be more fundamental theory beyond GR.
It is well known that the existence of a singularity locating at the inner of a black hole leads to the geodesics incompleteness [4, 5] . To overcome the problem of singularity, several quantum theories of gravity have been proposed, like the superstring/M theory and the extension of such theories. With the help of perturbation approximation of these theories, the Gauss-Bonnet (GB) term was found as the next leading order term [6, 7] , and this term is ghost-free combinations and does not add higher derivative terms into the gravitational field equations [8] .
The GB term appears in D-dimensional spacetime as follows
where D is the number of the spacetime dimensions, α is the GB coupling parameter with mass dimension D − 4, and the GB invariant G is defined as
Black holes solutions of GB gravity in D ≥ 5 have been derived, such as the vacuum case [9] , Einstein-Maxwell fields with a GB term [10, 11] , and anti-de Sitter (AdS) case [12] . In four-dimensional spacetime, the GB term does not make contributions to the gravitational dynamics, which leads to that the four-dimensional minimally coupled GB gravity is hard to get. However, very recently, D. Glavan and C. Lin [13] proposed a novel four-dimensional Einstein-Gauss-Bonnet (EGB) gravity that bypasses the Lovelock theorem by adopting an artful coupling constant α → α D−4 . In this novel fourdimensional EGB gravity, the GB invariant term does not affect the properties of the massless graviton and a four-dimensional static and spherically symmetric black hole solution was obtained. The stability and shadow of this four-dimensional EGB black hole have been studied in [14] , where the quasinormal modes of a scalar, electromagnetic, and gravitational perturbations were studied. The solutions of charged black hole [15] and spinning black hole [16] were also been obtained, and constraint to the GB parameter α was first given in Ref. [16] in terms of the shadow of the rotating black hole. Inspired by the novel four-dimensional EGB gravity, the novel fourdimensional Einstein-Lovelock gravities are also proposed [17, 18] .
To understand the geometry of a black hole, the behaviors of the geodesics of a test particle around a black hole can be used. We know that a massless or massive particle can orbit around a central black hole and the motion is dependent on the geometry of the central black hole. In Ref. [19] , the innermost stable circular orbit (ISCO) of a spinless test particle and shadow in the background of the four-dimensional EGB black hole were studied. The range of the GB coupling parameter for the black hole solution was extended to the range of −8 ≤ α/M 2 ≤ 1, where M is the mass of the black hole. Compared to the case of a test particle in the background of a Schwarzchild black hole in GR, a positive GB coupling parameter reduces the radii of the ISCOs and a negative one enlarges them. There also appears Similar effect for a spinning test particle in the background of a black hole in GR, where the spin-curvature force − 1 2 R µ ναβ u ν S αβ also reduces or enlarges the corresponding radii of the ISCOs [20] . Inspired by the effects of the four-dimensional GB term and the non-vanishing spin of a particle on the motion of the test particle, it is necessary to investigate what the total effects of them on the motion of a test particle in the four-dimensional EGB black hole. In this paper, we will investigate the motion of a spinning test particle in the background of the novel four-dimensional EGB black hole. For simplicity, we only consider the motion of a spinning test particle in the equatorial plane. For a spinning test particle, its motion will not follow the geodesics because of the spin-curvature force
The equations of motion for the spinning test particle are described by the Mathisson-Papapetrou-Dixon (MPD) equations [21] [22] [23] [24] [25] [26] [27] [28] [29] under the "pole-dipole" approximation, and the four-velocity u µ and the four-momentum P µ are not parallel [25, 30] due to the spin-curvature force. The four-momentum P µ of a spinning test particle keeps timelike along the trajectory (P µ P µ = −m 2 , m is the mass of the test particle), in the contrary, the four-velocity would be superluminal [25, 30] when the spin of the test particle is too large. Actually, this superluminal behavior comes from the ignorance of the "multi-pole" effects. When such effects are considered, the superluminal problem can be avoided [31] [32] [33] [34] [35] . For the properties of the spinning test particle in different black hole backgrounds, see Refs. [20, .
This paper is organized as follows. In Sec. II, we use the MPD equation to obtain the four-momentum and four-velocity of a spinning test particle in the novel fourdimensional EGB black hole background. In Sec. II B, we study the motion of the spinning test particle and give the relations between the motion of the spinning test particle and the properties of the four-dimensional EGB black hole. Finally, a brief summary and conclusion are given in Sec. III.
II. MOTION OF A SPINNING TEST PARTICLE IN FOUR-DIMENSIONAL EGB BLACK HOLE
A. Four-momentum and four-velocity of the spinning test particle
In this part, we will solve the equations of motion for a spinning test particle in the novel four-dimensional EGB black hole background.
The action of the D-dimensional EGB gravity is described by
where κ is the gravitational constant and will be set as κ 2 = 1/2 in this paper. The GB term does not contribute to the dynamics of the four-dimensional spacetime because it is a total derivative. Recently, by rescaling the coupling parameter as
and taking the limit D → 4, Glaan and Lin [13] obtained the four-dimensional novel EGB gravity. The fourdimensional static spherically symmetric black hole solution was found [13] 
where M is the mass of the black hole and the coupling parameter −8 ≤ α M 2 ≤ 1 [19] . Solving f (r) = 0, one can get two black hole horizons
In fact, the above solution (5-7) was also found in gravity with a conformal anomaly in Ref. [59] and was extended to the case with a cosmological in Ref. [60] . The motion of a spinning test particle is described by the MPD equations
where P µ , S µν , and u µ are the four-momentum, spin tensor, and tangent vector of the spinning test particle along the trajectory, respectively. Note that the MPD equations are not uniquely specified and we should use a spin-supplementary condition to determine them. This spin-supplementary condition is related to the center of mass of the spinning test particle with different observers [61] [62] [63] [64] [65] . In this paper, we choose the Tulczyjew spinsupplementary condition [66] P µ S µν = 0,
and the four-momentum P µ satisfies
which makes sure that the spinning test particle keeps timelike along the trajectory.
For the equatorial motion of the spinning test particle with spin-aligned or anti-aligned orbits, the fourmomentum and spin tensor should satisfy P θ = 0 and S θµ = 0. The non-vanishing independent variables for the equatorial orbits are P t , P r , P φ , and S rφ . After adopting the spin-supplementary condition (10), we have [26] 
Substituting Eq. (12) into the following equation
and using Eq. (11), we get the r − φ component of spin tensor
The non-vanishing components of the spin tensor S µν in the four-dimensional EGB black hole background are
where the parameter s is the spin angular momentum of the test particle and the spin direction is perpendicular to the equatorial plane.
Due to the existence of the spin-curvature coupling term, the conserved quantities of the spinning test particle are modified. The relation between a killing vector field K µ and the conserved quantity is [25, 26] 
where the semicolon denotes the covariant derivative. In the EGB black hole with the metric (5), there are two Killing vectors, a timelike ξ µ = (∂ t ) µ and a spacelike η µ = (∂ φ ) µ , from which we can get two conserved quantities [26] 
Here the parameters are defined asē = e m ,j = j m , and s = s m , with e, m, and j the energy, mass, and total angular momentum of the spinning test particle, respectively. Note that we have used the relations S µν ξ µ;ν = S µν ξ β ∂ ν g βµ and S µν η µ;ν = S µν η β ∂ ν g βµ for the two Killing vectors. Solving Eqs. (11) , (17) , and (18), we get the nonvanishing components of the four-momentum:
and
where the function ∆ = 1 + 8αM r 3 . We can solve the four-velocity u µ by using the equations of motion (8) and (9) and the components of S µν in (15) [56, 67] 
Finally, the non-vanishing components of the fourvelocity are obtained aṡ
where the functions a 1 , b 1 , c 1 , a 2 , b 2 , and c 2 are defined as
We can set the affine parameter λ as coordinate time and choose u t = 1 because the trajectories of the test particle are independent of the affine parameter λ [24, 65] . Then the orbital frequency parameter Ω of the test particle is
B. Properties of a spinning particle in circular orbits
The motion of a test particle in a central field can be solved in terms of the radial coordinate in the Newtonian dynamics [68, 69] . We can use the same way to simplify the motion of a test particle in the black hole background by using the effective potential method in general relativity. The radial velocity u r is parallel to the radial momentum P r , therefore the effective potential of the spinning test particle can be solved by using the form of P r (21) [53] . We decompose the (P r ) 2 (21) as [42, 53] (P r ) 2
where the functions A, B, and C are
where the function E is
The effective potential of the test particle is defined by the positive square root of Eq. (33)
The positive square root corresponds to the fourmomentum pointing toward future, while the negative one corresponds to the past-pointing four-momentum [70] . When the spin of the test particle is zero, it reduces to
Note that for the four-dimensional Schwarzchild black hole in GR, the function f (r) = 1 − 2M r . The properties of a test particle in a central field are mainly determined by the effective potential. Thus, the effects on the motion of a spinning test particle can be derived based on how the effective potential depends on the GB coupling parameter α and the spin angular momentums. We plot some shapes of the effective potential (38) in Fig. 1 . We can see that the radii of the extreme points become smaller when the coupling parameter α > 0 and become larger when the parameter α < 0. These phenomena mean that a positive GB coupling parameter induces the attractive effect and a negative one results in the repulsive effect on the motion of the test particle.
In addition to the attractive or repulsive effects on the motion of the test particle, some more interesting results are found when we check the shapes of the effective potential in the parameter space (s −j). We find that the effective potential has two minima when the GB coupling parameter α is in a special range. When the test particle move in stable circular orbits [53] , the radial velocity should be zero
and the the radial acceleration vanishes d 2 r dλ 2 = 0, dV eff dr = 0 and
The conditions dV eff dr = 0 and d 2 V eff dr 2 > 0 mean that the energy of the particle should equal to the minimum of the effective potential.
Therefore, when the effective potential of a spinning test particle has two minima, there will be two stable circular orbits for the particle with a spin angular momentum and an orbital angular momentum. This is a new feature for the motion of a spinning test particle in four-dimensional EGB black hole background. We plot the effective potential with two minima in Fig. 2, where the corresponding two separate orbits of the spinning test particle withs = 0.3 andj = 5 are still given.
The spinning test particle with with the same spins and the same angular momentum can posses two stable circular orbits only happens in the case of α < 0 with a special range for α. We give the numerical results in Fig.  3 and find that the range of α/M 2 is nearly in (−6.1, −2).
We have mentioned that the MPD equations of the spinning test particle is obtained under the "pole-dipole" approximation, which will lead to the four-velocity transform from timelike to spacelike if the particle spin is too large. In order to make sure the motion of the spinning test particle is timelike, we adopt the superluminal constraint [42] 
By using the superluminal constraint and circular orbit conditions (40) and (41) for the spinning test particle, we obtain the parameter space (s − l) in Fig. 4 , which describes whether the motion on a circular orbit is timelike or spacelike. We can compare the results in Fig. 3 and in Fig. 4 to check whether the motion of the spinning test particle is timelike. We confirm that the motion of the particle with the same spin and the same total angular momentum that can move in two separate orbits is timelike. We have known that the effects from the GB term on the motion of the test particle can be attractive or repulsive, where a positive GB coupling parameter α leads to an attractive force and a negative one results in a repulsive force. The spin-curvature force can also be attractive or repulsive. The same directions of the spin angular momentum and orbital angular momentum of the spinning test particle will lead to attractive spincurvature force, wile the opposite direction will lead a repulsive force. When the effects induced by the GB term and spin-curvature force exist simultaneously, the total attractive or negative force will be enhanced or weakened. Then it will change the shapes of the regions in (l −j). Thus, when the GB coupling parameter α > 0, the attractive effects will lead to disappearance of the parts of the top left and bottom right of the region (II). While for the case of α < 0, the repulsive effects will result in disappearance of the parts of the top right and bottom left of the region (II). Next we will investigate the ISCO of the spinning test particle. The ISCO of the test particle locates at the position where the maximum and minimum of the effective potential merge. Thus, the effective potential of the test particle at the ISCO should satisfy
By using Eqs. (40) , (41) , and (43), we can derive the ISCO of the test particle. In Ref. [19] , the authors showed that the radius of the ISCO for a spinless test particle varies in the form of
This result was derived under the linear approach with a small α around 0. Obviously, the ISCO of a spinless test particle can be larger or smaller due to the existence of the GB term. This phenomenon is consistent with the behavior of the effective potential, see the subfigure (a) in Fig. 1 . When the test particle possesses a non-vanishing spin, the contribution of the spin-curvature force should affect the properties of the motion. The relation between the effective potential and the spin of the test particle is still shown in Fig. 1 . We give the numerical results of the ISCO in Fig. 5 . Note that, there is a jump behavior for the ISCO parameters in the subfigure (e) in Fig. 5 , which is induced by the fact that the effective potential has two minima. Because we use the position where the maximum and minimum of the effective potential merge to locate the ISCO and our step length of spin is not small enough to cover the change of the ISCO parameters. We summarize how the ISCO of the spinning test particle depends on the spins and GB coupling parameter α as follows:
• For the ISCO of the spinning test particle in fourdimensional EGB black hole, the corresponding radius and angular momentum decrease with the spin s when the GB coupling parameter α is fixed. And when the effect from the GB term is considered, the spinning test particle can orbit at more smaller radius of the ISCO than the case of the Schwarzchild black hole in GR, and the Gauss-Bonnet term does not change the laws of the ISCO with spin.
• When the spin of the test particle is fixed, the radius and angular momentum of the ISCO decrease with the GB coupling parameter and this behavior is almost the same as the results of the spinless case in Ref. [19] .
• When the spin of the spinning particle and GB coupling parameter are in the region ofs −j that the particle can have two separate orbits, the radius and angular momentum of the ISCO will become more smaller than the case of the spinless test particle in the EGB black hole [19] or the case of the spinning test particle in the Schwarzchild black hole in GR [42] . 
III. SUMMARY AND CONCLUSION
In this paper, we investigated the motion of a spinning test particle in the equatorial plane of the four-dimensional novel EGB black hole. We solved the four-FIG. 3: Plots of the parameter space (s −j) describing whether a spinning test particle can move in two circular orbits with the same spins and the same total angular momentumj. The vertical axis is the spin parameter in the range ofs ∈ (0.2, 1.2), and the horizontal axis is the total angular momentumj in the range ofj ∈ (0, 10). The other parameters are set as M = 1 and m = 1. In the black and blue regions, the effective potential has two minima (corresponding to two stable circular orbits) and one minimum (corresponding to one stable circular orbit), respectively. In the gray and yellow regions, the test particle has no stable circular orbits. momentum and four-velocity of the particle and investigated how its motion depends on the four-dimensional GB term and particle's spin. We found that the ISCO of the spinning test particle has the similar behavior as the case of a spinning test particle in general relativity. And the GB term and spin parameters can make the radii of the ISCO become larger or smaller. The new feature for the motion of the spinning test particle is that it can move at two separate orbits with the same spins and same total angular momentumj when the GB coupling parameter α is in a special range of −6.1 < α/M 2 < −2. We also gave the superluminal constraint on the fourvelocity of the spinning test particle in the circular or-bits and confirmed that the motion of the spinning test particle that can move at two seperate orbits is timelike.
IV. ACKNOWLEDGMENTS
This work was supported in part by the National Natural Science Foundation of China (Grants No. 11875151, No. 11705070, No. 11522541, and No. 11675064 ), Y.P. Zhang was supported by the scholarship granted by the Chinese Scholarship Council (CSC).
